Chemical
Engineering
Journal

www.elsevier.com/locate/cej

et

ELSEVIER Chemical Engineering Journal 86 (2002) 369-374

Short communication
Improved explicit equations for estimation of the friction
factor in rough and smooth pipes

Eva Romeo, Carlos Royo, Antonio MonzZon
Department of Chemical and Environmental Engineering, Faculty of Science, University of Zaragoza, Zaragoza 50009, Spain
Received 26 March 2001 ; received in revised form 29 October 2001 ; accepted 29 October 2001

Abstract

The most common correlations for calculating the friction factor in rough and smooth pipes are reviewed in this paper. From these
correlations, a series of more general equations has been developed making possible a very accurate estimation of the friction factor without
carrying out iterative calculus. The calculation of the parameters of the new equations has been done through non-linear multivariable
regression. The better predictions are achieved with those equations obtained from two or three internal iterations of the Colebrook—White
equation. Of these, the best results are obtained with the following equation:
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1. Introduction From Egs. (2) and (3) the relation between both friction
factors is deducedf = fm = fp = 4fF.
The energy loss due to friction undergone by a Newtonian ~ The friction factor depends on the Reynolds numige) (
liquid flowing in a pipe is usually calculated through the and on the relative roughness of the pipk). For laminar

Darcy—Weisbach equation [1]: flow (Re < 2100, the friction factor is calculated from the
L2 Hagen—Poiseuille equation:
u
ht = f—— 1) 64 64
= —_—=—— 4
D 2g A Re ~ UDp (4)

In this equatiorf is the so-called Moody or Darcy friction
factor fy or fp, respectively) [1] which, from the above
equation, is calculated as follows:

1 —2I0g(€/D N 2.52 ) 5)
fm = fo = D gy _DAr ) N 371  Re/f
The Colebrook—White equation is valid fRe ranging from

In addition to the Moody factor, the Fanning friction factor 4000 t0 16; and values of relative roughness ranging from 0
can also be used, which is defined as follows [2]: to 0.05. This equation covers the limit cases of smooth pipes,

¢ = 0, and fully developed turbulent flow [3,4]. For smooth

For turbulent flow, the friction factor is estimated through
the equation developed by Colebrook and White [3,4]

tw 1D AP

f= _ - 3) pipes, Eqg. (5) turns into the Prandtl-von Karman [3,4]:
1,27 4L 1,,2
2F 2F 1 114-210 (5)=-2l0 e/D ©)
N I\p) =79 371
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Nomenclature expression.
a, b c constants defined in Eq. (13) Fuy1=F, — <Y—'j) (10)
AIC Akaike Information Criterion, Eq. (26) Y
D internal pipe diameter (m) whereY, can be evaluated as:
f friction factor dr 187
F auxiliary variable used in Eq. (8) and Y, = (_> =1+ - (11)
defined as W dr n Re(e/D) + 9.35F,
F average value of the values bf Egs. (8) and (10) converge very rapidly, especially if there
Fc-w  value ofF predicted with the is a good initial estimation of the friction factor. For this
Colebrook—White equation the graph produced by Moody [1] or any of the explicit
Fealc value ofF calculated with the proposed equations available in the literature can be used.
model An alternative solution to the iterative methods is the
g gravity of acceleration (9.81%/s) direct use of an explicit equation which is precise enough
hy head loss (m) to calculate the value df directly. In the case of smooth
L pipe length (m) pipes, in whichf depends only oRe, Gulyani [5] provides a
MSC model selection criterion, Eq. (25) revision and discussion of the correlations more commonly
n number of points, Eq. (25) used to estimate the friction factor. In the general case of
NP number of parameters, Eq. (25) rough tubes, numerous equations have been proposed since
AP pressure drop (Pa) the 1940s. In this work, a revision of those more frequently
Re Reynolds number used is presented. From these expressions, new equations
Re/f  Karman numbe(= (Dp/u)s/2DAP/pL) are also proposed resulting in an improvement in the direct
u mean velocity (m/s) calculation of the friction factor.
Y auxiliary variable defined by Eq. (9)
1.1. Review of previous equations for calculation
Greek symbols of the friction factor
£ pipe roughness (m)
I viscosity (kg/ms) The most widely used equations postulated since the end
o density (kg/nd) of the 1940s are stated below in the order of publication.
Tw shear stress (Pa)
(i) In 1947, Moody [6] proposed the following empirical
equation:
relative roughness and can be calculated through the equa- V3
tion deduced by von Karman [3,4] e 108
) Re/T f= 0.0055(1+ (2 X 1045 + %) ) (12)
i 2log(Re,/f) — 0.8 =2 Iog( 52 ) (7)

According to the author, this equation is valid fee
ranging from 4000 to 1®and values ot/D ranging
from 0 to 0.01.

(ii) Later, Wood [7] proposed the following correlation:

f=a+bRe (13)

where ¢ = 0.53(¢/D) + 0.094(e/D)%2%5 p =
88(s/ D)%%, ¢ = 1.62(¢/ D)0134,

Unless the Karman numbé®e./f, is previously known, i.e.
the pressure drop of the fluid in the pipe is known, Egs. (5)
and (7) are implicit with respect to the value fofand are
solved using numerical methods. Thus, if the auxiliary vari-
ableF is defined as A/ f, the Colebrook—White equation
(Eqg. (5)) can be re-written to be solved by a method of suc-
cessive substitution:

e/D 252 This equation is recommended Re between 4000
Fpy1=—-2109| 557 + - Fa (8) and 10 and values o&/D ranging from 0.00001 to
371 Re 0.04

Alternatively, the Newton—Raphson method can be used. (iii) Churchill [8], using the transport model developed
According to this method, again using the variaBlethe by Churchill and Usagi [9], deduced the following
calculation of thd value in Eqg. (5) involves finding the root expression:

of the functionY, which is defined as

e/D 252 ~1/0860/7 _ &/D <_> —
Y:F+2Iog<%7l+ﬁ > 9) ¢ 3.70+ Re éﬁ
D 709
From the above equation, the iterations to calculate the =—2log (Z/_70+ <R—> ) (14)
root of the functionY are carried out through the following ) €



(iv)

(v)

(vi)

(vii)

E. Romeo et al./Chemical Engineering Journal 86 (2002) 369-374

From the von Karman—Prandtl equation (Eq. (6)), Jain
[10] proposed a similar expression to that by Churchill
(8l:

—~_—114-2lo (i %)
7725t Ree
B /D 6.943\ %°
__2|°g<3.715+< Re ) ) (15)

This equation is recommended fBe ranging from
5000 to 16 and values o&/D between 0.00004 and
0.05.

Churchill [11], again using the Churchill and Usagi
transport model [9], proposed the following equation
valid for the whole range oRe (laminar, transition
and turbulent):

g\ 12 a2
f:8<<R—e) +(A+B) )

where A = [—2log(((¢/D)/3.70) + (7/Re)®9)]16,
B = (3753(Q/Re)16.

The above expression includes the Haguen—
Poiseuille equation for laminar flowRe < 2100
(Eg. (4)), Eq. (14) for turbulent flowRe > 4000
(termAin Eqg. (16)) and the following correlation for
the transition regimé&2100 < Re < 4000 (termB in
Eqg. (16)) [11]
f=7x10"10Re

1/12
(16)

17)

Following manipulation of Eq. (5) to obtain an im-
plicit expression for 1,/f, and substitution of this
expression in the Colebrook—White equation (Eq. (5)),
Chen [12] proposed the following equation:

L g 6/D 50452
77~ 79N 37065 Re
(8/D)1‘1098

(18)

o , 5:8506
9\ 28257 T RevEeE

This method involves carrying out two iterations of
the Colebrook—White equation. The accuracy of the
results obtained from this equation is high due to the
fact that the initial estimate is good. The equation
proposed by Chen is valid féte ranging from 4000 to
4.10 and values of/D between 0.0000005 and 0.05.
Round [13] proposed the following change to the
Altshul equation [14] which improves the predictions
of this equation for high values @&fD:

e 65
= —1.8log (0.27D + Re) (29)

L
VT

(viii) Barr [15], by a method analogous to that used by Chen

[12], proposed the following expression:

i:—2Iog<8/D

N 4.518log 1Re)
v

370" Re(1+ %R@-SZ@/D)O?))
(20)

371

(ix) Zigrang and Sylvester [16] also followed the same
method as that used by Chen [12], but carried out
three internal iterations. They proposed the following

equation:
1 e/D 5.02
= — _2logf ZLZ - 2¥<
NG Og( 37  Re
o e/D 502 o e/D n 13
X —_—— — — —
37 " Re N 37 TRe

(21)
*)

Haaland [17] proposed a variation in the effect of the
relative roughness by the following expression:

B e/D\"* 69

Manadilli [18], using what he callsignomial-like
equations, proposed the following expression valid for
Reranging from 5235 to 19 and for any value of/D:

1 e/D 95 96.82
— = —2log —
N4 3.70 ReP983 Re

In addition, for values oReranged between 2100 and
5235, Manadilli [18] proposed the following expres-
sion to calculatd:

f=282x10"Re*®

(22)

(xi)

+ (23)

(24)

This equation is similar to that proposed by Churchill
[11] for the transition regime (Eq. (17)).

1.2. Comparison of the equations

The statistical comparison of the different equations, both
those in the literature and those developed in the present
work, has been carried out using the statistical parameter
designated as the model selection criterion (MSC) [19] cal-
culated by the following expression:

g (Fomw, — Fc_w)> _2NP

n

25

As can be seen in the above equation, we estimate the value
of F (= 1//f) instead of the value of the friction factor.
This criterion is derived from the Information Criterion of
Akaike [20] and allows a direct comparison among mod-
els with a different number of parameters (NP). The Akaike
Information Criterion (AIC) is defined by the following
expression [20]:

MSC=In (

n

AIC =nln <Z(FC_W,. - Fca|q.)2> + 2NP
i=1

(26)

The AIC attempts to represent the “information content” of a
given set of parameter estimates by relating the coefficient of
determination to the NP (or equivalently, the number of de-
grees of freedom) that were required to obtain the fit. When
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Table 1 referred to asFc—w). There are 20 curves df vs. Re
Values of MSC obtained with previous models data Re ranging from 3000 to B x 108) for 21 values
Authors Equation MSC of ¢/D ranged from 0 to 0.05. With the aim of ensuring a
Moody [6] (12) 4.639 high stgustlcal reliability on the ob_talned parameters, about
Wood [7] 13) _4.019 SOQ points have been calculated in each cumve=(10548
Churchill [8] (14) 8.980 points).

Jain [10] (15) 9.118

Chen [12] (18) 12.180

Round [13] (19) 3067 b4 Model 1

Barr [15] (20) 12.247

Zigrang and Sylvester [16] (21) 12.537 This model, Eq. (27), uses a rational function to express
Haaland [17] (22) 8.845  the influence of th&ke number, and represents a generaliza-
Manadilli [18] (23) 9.722

tion of the Churchill (Eq. (14)), Swamee and Jain (Eq. (15)),
Round (Eqg. (19)) and Haaland (Eg. (22)) equations:

comparing two models with different numbers of parame- 1 _ (—ao log ((S/_D>"1 N ( az )"2))m 27)
ters, this criterion places a burden on the model with more /f az + Re

parameters to not only have a better coefficient of determi-
nation, but quantifies how much better it must be for the

model to be deemed more appropriate. The AIC as defined
above is dependent on the magnitude of the data points a :

well as the rf)umber of observati?)ns. According to th?s crite- %ollowmg parameters of Eq. (27)x, Nz, ag and m, and

rion, the most appropriate model is the one with the smallest carrying out th? fitting, leaving free _the rest of .the_ param-
value of the AIC. eters to be estimated. The results in Table 2 indicate that

Eq. (27) considerably improves the results of the fittings
with respect to the previous models, especially when the
parametens is included (Models 1F-1J). From a statistical
point of view, the best result is obtained with Model 1J
(MSC = 10.90), although Model 1I provides almost the
same fitting(MSC = 10.75) and is more simple to use.

Table 2 shows the values and number of fitted parame-
ters (NP), the MSC obtained with each of the 10 cases
studied. Each case has been obtained fixing some of the

The MSC will give the same rankings between models as
the AIC and has been normalized so that it is independent
of the scaling of the data points. For this criterion, the most
appropriate model will be that with the largest MSC, because
we want to maximize information content of the model. In
Table 1, the MSC values for the revised equations are shown.
It can be observed that the best fits correspond to those
proposed by Chen [12], Barr [15] and Zigrang and Sylvester 1.5. Model 2

16].

1ol Model 2, Eqg. (28), involves an extension of the Chen

1.3. Proposed models model (Eg. (18)), and is developed carrying out two inter-
nal iterations of the Colebrook—White equation. Taking the

New equations are suggested which generalize the bestreSUIt of Model 11 as an initial estimation:

of the previously proposed correlations (see Table 1) and 1 e/D ap
allow estimates of the friction factor almost without error. /7 - <_“0 log <a_1 T Re

The calculation of the parameters has been carried out by e/D\" as no m
multivariable non-linear regression of the d&tas. Re and xlog ((—) + ( > ))) (28)
e/D generated from the Colebrook—White equation (data a3 as + Re

Table 2

Parameters of the sub-models obtained from Model 1

Model 1 ap a1 a as ny ny m NP MSC
Model 1A 1.9092 5.2104 11.8301 ag 12 12 12 3 6.332
Model 1B 2.0032 3.7253 6.9895 ap 12 0.8992 £ 4 9.272
Model 1C 1.7981 3.7507 7.0470 ag 1.1094 i 12 4 9.304
Model 1D 1.8970 3.7238 6.9783 ag 1.0543 0.9480 a 5 9.528
Model 1E 1.7096 4.7879 4,9133 ag 1.0610 0.9476 1.0347 6 10.010
Model 1F 1.9485 45071 16.0955 2497.60 a1 12 12 4 7.134
Model 1G 1.8250 3.7654 8.3846 677.4126 1.0929 a1 12 5 10.427
Model 1H 2.0014 3.7490 8.2096 611.4563 a1 0.9122 i 5 10.009
Model 11 1.8900 3.7466 8.2268 626.8860 1.0572 0.9647 a 1 6 10.750
Model 1J 1.8166 4.1165 7.0367 527.6200 1.0593 0.9619 1.0131 7 10.900

2These values have been fixed for each fitting.
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Table 3
Parameters of the sub-models obtained from Model 2

Model 2A Model 2B Model 2C Model 2D Model 2E Model 2F
a 1.9977 1.9986 1.9993 1.9997 2.0152 2.0064
a1 3.7360 3.7241 3.7162 3.7102 3.6415 3.6793
a 4.4570 4.5827 4.8294 4.8374 49177 4.8738
as 9.4923 7.8435 4.2397 4.2134 4.3578 4.2678
a 6.4219 8.3049 6.3098 7.7436 6.1864 7.4964
as 0 622.67 G} 480.13 (] 420.15
ny 12 12 1.0271 1.0287 1.0278 1.0287
ny 12 12 0.9264 0.94457 0.92698 0.94258
m 12 12 12 12 0.99732 0.99887
NP 5 6 7 8 8 9
MSC 13.4576 14.2610 14.3708 16.0261 14.8488 16.3568

2These values have been fixed for each fitting.

In Table 3, the results obtained with the six cases studied Model 1l as an initial estimate (see Table 2):
are shown, Model 2C being analogous to that presented by
Chen [12]. As a consequence of the structure of this func- i — (—aolog (8/_D a2 log <8/_D _ aa

tion, even for the most simple case (Model 2A), the MSC /f

values indicate that all the fittings obtained are better than ¢/D\™ a6 ny m

those obtained with any of the cases studied with Model 1, xlog (( > + ( ) )))) (29)
and even better than those obtained with the Chen model. a7+ Re
The inclusion of parameteas results in a considerable The results obtained for the five cases studied with this
improvement in the fittings (Models 2B, 2D and 2F). From model are shown in Table 4. From these results, the im-
the statistical point of view, the best fitting is provided by provement of the fitting provided by Model 3A with respect
Model 2F (MSC = 16.36), although Model 2D provides  to the Zigrang and Sylvester model is obvious, even though
almost the same fittingMSC = 16.03) and is more simple  they have the same NP. This difference is due to the estima-

as

to use. tion of parametersy, a4 andag carried out in the work of
Zigrang and Sylvester [16]. Again, the structure of Eq. (29)
1.6. Model 3 leads to all the obtained fittings being better than those ob-

tained with Models 1 and 2. As in the previous cases, the
Model 3, Eq. (29), is an extension of the Zigrang and insertion of parametesi; (Models 3D and 3E), provides a
Sylvester model, Eqg. (21), and is obtained carrying out three considerable improvement in the fittings. From a statistical
internal iterations in the Colebrook—White equation, taking point of view, Models 3D and 3E provide a very similar

0.00

-0.01 &/D=0.0001
N
002} e/D=0.001
N
£
K -0.03 e/D=0.01

.04 &/D=0.05

aaaal a2 2 a2l " aa szl L NI EET] B S S W N R
10° 10° 10° 10 10°
Re

Fig. 1. Percentage of error in the estimation of the friction factor with Model 3E. Influené® ahd /D.
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Table 4 The ranges of application of this equation &ebetween
Parameters of the sub-models obtained from Model 3 3000 and 5 x 108 ande/D between 0 and 0.05.
Model 3A  Model 3B Model 3C  Model 3D Model 3E

ao 1.9999 1.9999 2.0002 2.0000 2.0000

a 3.7073 3.7072 3.7062 3.7069 37065  References

a 5.0120 5.0167 5.0163 5.0293 5.0272

ag 3.8855 3.8602 3.8713 3.7924 3.8270 [1] L.F. Moody, Friction factors for pipe flow, Trans. ASME 66 (8)
ay 4.0469 4.2537 4.2139 4.5203 4.5670 (1944) 671.

as 14.4349 9.9399 10.5465 6.8435 7.7918 [2] R.B. Bird, W.E. Stewardt, E.N. Lighfoot, Transport Phenomena,
as 3.9851 4.2094 4.1080 5.5917 5.3326 Wiley, New York, 1960.

az 0? 0? 02 210.362 208.815 [3] C.F. Colebrook, C.M. White, Experiments with fluid-friction
m 12 1.0046 1.0038 0.9936 0.9924 roughened pipes, Proc. R. Soc. Ser. A 161 (1937) 367.

ny 12 0.9642 0.9678 0.9371 0.9345 [4] C.F. Colebrook, Turbulent flow in pipes, with particular reference
m 12 12 1.0000 i 1.0000 to the transition region between the smooth and rough pipe laws, J.
NP 7 9 10 10 11 Inst. Civil Engrs. (London) 11 (1938-1939) 133.

MSC 20.536 20.898 20.935 22.108 22111 [5] B.B. Gulyani, Simple equations for pipe flow analysis, Hydrocarbon

Process. 78 (8) (1999) 67.
[6] M.L. Moody, An approximate formula for pipe friction factors, Trans.
" . ASME 69 (1947) 1005.
fitting, the values of the parameters being almost equal. In |77 p.3. wood, An explicit friction factor relationship, Civil Engrs. ASCE
Fig. 1, are presented the percentages of error obtained with 60 (December 1966).
Model 3E, in the estimation of the friction factor values. In  [8] S.W. Churchill, Empirical expressions for the shear stress in turbulent
this figure, it can be seen that in all the cases the errors are __ flow in commercial pipe, AIChE J. 19 (2) (1973) 375.

0 [9] S.W. Churchill, R. Usagi, A general expression for the correlation
very small (always less than 0.05% of error) and how, for rates of transfer and other phenomena, AIChE J. 18 (6) (1972)

a given value oRe, an increase of relative roughnes#l) 1121.
increases the error of the estimation. [10] A.K. Jain, Accurate explicit equations for friction factor, Proc. ASCE,
J. Hydraulics Div. 102 (HY5) (1976) 674.
[11] S.W. Churchill, Friction factor equations spans all fluid-flow regimes,

2. Conclusions Chem. Eng. 84 (24) (1977) 91.
[12] N.H. Chen, An explicit equation for friction factor in pipe, Ind. Eng.

= th lati h in the literat . f Chem. Fundam. 18 (3) (1979) 296.
rom the correlations shown In the literature, a series o [13] G.F. Round, An explicit approximation for the friction-factor

more general equations has been developed making possi- ~ Reynolds number relation for rough and smooth pipes, Can. J. Chem.
ble a very accurate estimation of the friction factor without Eng. 58 (1) (1980) 122.

carrying out iterative calculus. The best predictions are [14] B. Nebrasov, Hydraulics, Peace Publications/Mir, Moscow,
achieved with those equations obtained from two or three 1968 _ . . .

. . . . . . [15] D.L.H. Barr, Solutions of the Colebrook—White function for resistance
internal iterations of the Colebrook-White equatlor.]' This to uniform turbulent flow, Proc. Inst. Civil Engrs., Part 2 71 (1981)
method could be extended to a larger number of internal 529.

iterations but the expressions obtained would be too com-[16] D.J. Zigrang, N.D. Sylvester, Explicit approximations to the
plex. From a statistical point of view, the following equation Colebrook’s friction factor, AIChE J. 28 (3) (1982) 514.

corresponding to Model 3E provides the best results: [17] S.E. Haaland, Simple and explicit formulas for the friction-
' factor in turbulent pipe flow, Trans. ASME, JFE 105 (1983)

89.

2These values have been fixed for each fitting.

i =—2.0log e/D —5'0272I09 e/D _4'567 [18] G. Manadilli, Replace implicit equations with signomial functions,
N 3.7065 Re 3.827 Re Chem. Eng. 104 (8) (1997) 129.
[19] H. Akaike, An information criterion (AIC), Math. Sci. 14 (1976)
/ 0.9924 5.3326 0.934 5
xlog m + m [20] PSI-Plot Handbook, Version 6, Poly Software International, Sandy,

UT, 1999.
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